An Orlicz space L Φ (Ω) is a Banach function space defined by using a Young function Φ, which generalizes the L p spaces. We show that, for a reflexive Orlicz space L Φ ([0, 1]), a locally compact second countable group has Kazhdan's property (T ) if and only if it has property (T L Φ ([0,1]) ), which is a generalization of Kazhdan's property (T ) for linear isometric representations on L Φ ([0, 1]). We also prove that, for a Banach space B whose modulus of convexity is sufficiently large, if a locally compact second countable group has Kazhdan's property (T ), then it has property (FB), which is a fixed point property for affine isometric actions on B. Moreover, we see that, for an Orlicz sequence space ℓ ΦΨ such that the Young function Ψ sufficiently rapidly increases near 0, hyperbolic groups (with Kazhdan's property (T )) don't have property (F ℓ ΦΨ ). These results are generalizations of the results for L p -spaces.
Introduction
Property (T ) is known as a rigidity property of topological groups with respect to the irreducible unitary representations. In [BFGM07] , they generalize Kazhdan's property (T ) for linear isometric representations on Banach spaces: Let G be a topological group and (B, ) a Banach space. A linear isometric Grepresentation on B is a continuous homomorphism ρ : G → O(B), where O(B) denotes the group of all invertible linear isometries B → B, and continuous means the action map G × B → B is continuous. We say that a linear isometric G-representation ρ almost has invariant vectors if for all compact subsets K ⊂ G inf For a Hilbert space H, Kazhdan's property (T ) is equivalent to property (T H ). For a locally compact second countable group, Delorme [Del77] and Guichardet [Gui72] proved that Kazhdan's property (T ) is equivalent to Serre's property (F H), that is, every affine isometric action on a real Hilbert space has a fixed point.
Definition 2 ([BFGM07]
). Let B be a Banach space. A topological group G is said to have property (F B ) if every affine isometric G-action on B has a fixed point.
In [BFGM07] , they proved the following:
Theorem 3 ( [BFGM07] ). Let G be a locally compact second countable group, B a Banach space.
(1) If G has property (F B ), then G has property (T B ).
(2) If G has property (T L p ([0,1]) ) for some 1 ≤ p < ∞, then G has Kazhdan's property (T ).
(3) If G has Kazhdan's property (T ), then G has property (T L p (µ) ) for any σ-finite measure µ and any 1 ≤ p < ∞.
(4) If G has Kazhdan's property (T ), then there exists a constant ǫ(G) > 0 such that G has property (F L p (µ) ) for any σ-finite measure µ and any 1 ≤ p < 2 + ǫ(G).
On the other hand, Yu proved
Theorem 4 ( [Yu05] ). If Γ is a hyperbolic group, then there exists 2 ≤ p(Γ) < ∞ such that Γ admits a proper affine isometric action on an ℓ p -space for p ≥ p(Γ).
There are hyperbolic groups which have Kazhdan's property (T ), for example, the cocompact lattices of Sp n,1 (R) (n ≥ 2). Hence property (F ℓ p ) and property (T ℓ p ) are not equivalent for sufficiently large p ≥ 2.
T. Yokota asked us whether results about isometric group actions on L pspaces is true for Orlicz spaces L Φ under appropriate conditions. Here an Orlicz space is a generalization of L p -spaces, which is defined in section 2. We prove the following:
Theorem 5. Let G be a locally compact second countable group, Φ a Young function with 0 < Φ(t) < ∞ for all t > 0, and If G has Kazhdan's property (T ), then it has property (T L Φ (Ω,K) ) with respect to gauge norm. 
A Banach space B is said to be uniformly convex if for every ǫ > 0 the modulus of convexity
is positive. A Banach space B is said to be uniformly smooth if the modulus of smoothness
By [Cla36] , the modulus of convexity is calculated as
Uniformly convex (or uniformly smooth) Banach spaces are reflexive.
Theorem 8. If G has Kazhdan's property (T ), then there exists a constant ǫ(G) > 0 such that G has property (F B ) for every real (or complex) Banach spaces B with
are Orlicz spaces satisfying the assumption of Theorem 8.
Theorem 9. Let Γ be a hyperbolic group and K = R or C. Then there exists 2 ≤ p(Γ) < ∞ such that, for any N-functions Φ and Ψ satisfying
• there is a constant C > 0 and t 0 > 0 such that Ψ(t) ≤ Ct p(Γ) for all 0 < t ≤ t 0 , the group Γ admits a proper affine isometric action on ℓ Ψ (Γ, ℓ Φ (Γ, K)) with gauge norm.
For example, ℓ p = ℓ p (Γ × Γ) with p ≥ p(G) are Orlicz spaces satisfying the assumption of Theorem 9.
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Orlicz spaces
This section refers to [RR91] and [FJ03] . Let Ω be a σ-finite measure space with a positive measure µ, and K = R or C.
Definition 10. For a Young function Φ, the space
is a norm on L Φ , which is called the gauge norm (or the LuxemburgNakano norm). For f ∈ L Φ , we define 
for any f ∈ L Φ . We consider the following conditions for Ω = [0, 1] with the Lebesgue measure µ, and Ω = N with the counting measure µ. A Young function Φ is said to satisfy the ∆ 
A Young function Φ is said to satisfy the ∇ if there are c > 1 and t 0 > 0 such that
, then the simple functions on Ω are dense in L Φ , and
Note that the uniform continuity and uniform smoothness of L Φ (Ω, R) can be written by conditions for Φ and Φ * , which are strictly
The function Φ (s) is an N-function between Φ (0) = Φ and Φ (1) = Φ 2 in some sense. For example, let p(s) =
Hence we can easily construct uniformly convex Orlicz spaces satisfying the assumption of Theorem 8.
Proof of Theorem 5
Theorem 5. Let G be a locally compact second countable group, Φ a Young function with 0 < Φ(t) < ∞ for all t > 0, and
, then it has Kazhdan's property (T ).
Proof. Assume that G does not have Kazhdan's property (T ). Connes and Weiss [CW80] construct a measure-preserving, ergodic G-action on a standard non-atomic probability space (Ω, µ) which admits an asymptotically invariant measurable subsets
As in 4.c in [BFGM07] , we can take this
as n → ∞ uniformly on compact subsets of G. This meansρ almost has the invariant vectors {f
) for gauge norm. Using (1), we can prove for Orlicz norm.
Generalized Mazur map
Delpech proved the Hölder continuity of a generalized Macer map on the unit sphere of real reflexive Orlicz spaces in [Del05] . In this section, we see the Hölder continuity of a generalized Mazur map around the unit sphere of real or complex reflexive Orlicz spaces.
Let Ω = [0, 1] or N, and K = R or C, and denote by
Definition 12. Let Φ, Ψ be two N-functions. The map
is called the generalised Mazur map, where sign(f )(
Note that if Φ, Ψ ∈ ∆ Ω 2 , then φ ΦΨ is a bijection between the unit sphere S Φ of L Φ and the unit sphere S Ψ of L Ψ .
Theorem 13. Let Φ and Ψ be N-functions with Φ,
with ϕ(0) = 0 is said to be in the class K(α, β), and denoted as ϕ ∈ K(α, β), if ϕ(t) t α is a non-decreasing function of t > 0 and ϕ(t) t β is a non-increasing function of t > 0. Hence for ϕ ∈ K(α, β), r ≥ 1 and 0 < s ≤ 1, we have
As Remark 2.2 (i) and Proposition 2.
and the identity map is isomorphism. Hence the map
is a bi-Lipschitz homeomorphism. Thus we may assume Φ ∈ K(p Φ , q Φ ) and Ψ ∈ K(p Ψ , q Ψ ).
For α = pΦ qΨ and β = qΦ pΨ , the non-decreasing continuous function
, we have
holds.
Lemma 14. Let ϕ ∈ K(α, β). Then for all a, b ∈ C with a, b = 0 we have:
• If β ≥ 1, then
Proof. We have
If |b| = |a|, then the lemma was proved. We can suppose that 0 < |b| < |a|. If β ≤ 1, then
t is a non-increasing function of t. Hence
On the other hand, if β ≥ 1, then 1 − t β ≤ β(1 − t) for t ∈ [0, 1]. Using this inequality, since ϕ is in the class K(α, β), we have
This proves the lemma.
Using above lemma, we can prove Theorem 13 as in [Del05] .
Proof of Theorem 13. We may assume
v(x) = |f (x)−h(x)| and w(x) = |f (x)|+|h(x)| for x ∈ Ω. Our aim is to estimate
. We show the estimate for the three cases α ≤ β ≤ 1, α ≤ 1 ≤ β, and 1 ≤ α ≤ β.
, then 0 < b < 1. Since β ≤ 1, using Lemma 14 we have w(x) ≤ 1, then since
w(x) ≤ 1, and b < 1, using inequalities (2) we have
Similarly, for other cases (
Hence
. Hence φ ΦΨ is α-Hölder on A Φ .
Case 2: 1 ≤ α ≤ β.
Let b = 3 β (2β + 4) v (Φ) . Since β ≥ 1, using Lemma 14 and inequalities (2) we have
using the inequality Φ * Φ(t) t ≤ Φ(t) for t > 0 (see [KR61] , p.13), we have
Using non-normalized Hölder inequality (see Proposition 1 at 3.3 in [RR91]), we have
On the other hand, since
t is a non-decreasing function, for x ∈ Ω 2 we have 3
.
Hence by the convexity of Φ
Summarizing these inequalities, we have
Let
, for x ∈ Ω 1 , as above we have
On the other hand, for x ∈ Ω 2 , using inequalities (2) we have
. Hence φ ΦΨ is α-Hölder on A Φ . This completes the proof.
Proof of Theorem 6
Let G be a locally compact second countable group, and Φ an N-function such that Φ ∈ ∆ 
for almost all x ∈ [0, 1] and all α ≥ 0.
Lemma 15. The conjugation
Proof. For a simple function f ∈ L 2 (Ω, K), using the equations (4) and (5) we have
Theorem 6. Let G be a locally compact second countable group, and Φ an N-function such that Φ ∈ ∆ If G has Kazhdan's property (T ), then it has property (T L Φ (Ω,K) ) with respect to gauge norm.
Then there is a linear isometric G-representation ρ : G → O(B) so that the quotient representatioñ ρ : G → O(B/B ρ(G) ) almost has invariant vectors, i.e. for any compact subset
Hence for each g ∈ K and n ∈ N, there is h g,n ∈ B ρ(G) such that
Thus for i ∈ N we have
On the other hand, since f n B = 1, there is h n ∈ B ρ(G) such that
we get
Thus the sequences {f
Let us then define π :
Then v n H = 1 and by Theorem 13 there are 0 < α < ∞ and a constant C > 0 such that
From the inequalities (3), there is
for some C > 0 and 0 < α < ∞. That is, there is a constant δ ′ > 0 such that for all n ∈ N inf
Let w n denote the projection of v n to
Thus the restriction π ′ of π to H ′ does not G-invariant vectors, but almost does. Hence G does not have Kazhdan's property (T ).
Proof of Theorem 8
Theorem 8. If a locally compact second countable topological group G has property (T ), then there exists a constant ǫ(G) > 0 such that G has property (F B ) for every real (or complex) Banach spaces B with δ B (t) ≥ δ L 2+ǫ(G) (t) for all 0 < t < 2 (or ρ B (t) ≤ ρ L 2+ǫ(G) (t) for all t > 0).
Proof. Since G is a locally compact second countable topological group with Kazhdan's property (T ), it is compactly generated. Fix a compact generating subset K with non-empty interior of G.
Lemma 16. There exist a constant ǫ(G) > 0 and C < ∞ such that for any real (or complex) Banach space (B, ) with δ B (t) ≥ δ L 2+ǫ(G) (t) for all 0 < t < 2 (or ρ B (t) ≤ ρ L 2+ǫ(G) (t) for all t > 0), any affine isometric action α of G on B, and any point x ∈ B with max g∈K α(g, x) − x > 0, there exists a point y ∈ B with
Proof. By contradiction, we assume for any n ∈ N there exist Banach spaces
(t) for all 0 < t < 2, affine isometric Gactions α n on B n , and points x n ∈ B n such that, after a rescaling to achieve max g∈K α n (g,
for all y ∈ B n with y − x n n ≤ n. Let ω be a non-principal ultrafilter. Set (B ω , ω ) be the ultraproduct of the spaces (B n , n ) with the marked points x n . For 0 < ǫ ≤ 2, we take u, v ∈ B ω with u ω = v ω = 1 and u − v ω ≥ ǫ. Let (u n ) be the representatives of u, (v n ) of v, and 0 < η < ǫ. Then by the uniform convexity
Since the set at the top line is in ω, the set at the bottom line is also in ω. Since δ
Since η is arbitrary, we have
Since m is also arbitrary, we have δ Bω (ǫ) ≥ δ L 2 (ǫ) for 0 < ǫ ≤ 2. This means (B ω , ω ) is a Hilbert space (see p.410 in [BL00] and Theorem 7.2. in [Day47] ). Since G is generated by K and max g∈K α(g, x n ) − x n n = 1, we obtain an affine isometric G-action α ω on the Hilbert space B ω from α n . Then, by the assumption, for any y ∈ B ω , we have
that is, α ω has no fixed point. This means G does not have property (F H), hence contradicting the property (T ) of G. For B with ρ B (t) ≤ ρ L 2+ǫ(G) (t) for all t > 0, we can prove in a similar manner.
Let α be an arbitrary affine isometric G-action on a Banach space B with
Define a sequence x n ∈ B inductively, starting from an arbitrary x 0 ∈ B. Given x n , let R n = max g∈K α(g, x n ) − x n . Then, applying the lemma, there exists
We get R n ≤ R 0 /2 n and
The limit of the Cauchy sequence {x n } ∞ n=1 is a G-fixed point of α.
Proof of Theorem 9
Theorem 9. Let Γ be a hyperbolic group and K = R or C. Then there exists 2 ≤ p = p(Γ) < ∞ such that, for any N-functions Φ and Ψ satisfying
• Φ ∈ ∆ N 2 , and
• there is a constant D > 0 and t 0 > 0 such that Ψ(t) ≤ Dt p for all 0 < t ≤ t 0 , Γ admits a proper affine isometric action on the ℓ Ψ (Γ, ℓ Φ (Γ, K)) space with gauge norm, where (1) For each a, b ∈ Γ, f (a, b) is a convex combination, i.e. its coefficients are non-negative and sum up to 1. (4) f is Γ-equivariant, i.e. f (g · a, g · b) = g · f (a, b) for any g, a, b ∈ Γ.
(5) There exist constants L ≥ 0 and 0 < λ < 1 such that, for all a, a ′ , b ∈ Γ,
where (a|a ′ ) b is the Gromov product defined by 
